Abstract. In this paper, taking the question of Zhang and Lü ([24]) into the background, we present one theorem which will improve and extend some recent results related to the Brück Conjecture.
for one CM shared value. In this direction, in 1996, the following famous conjecture was proposed by Brück ([9] ):
Conjecture: Let f be a non-constant entire function such that the hyper order ρ 2 (f ) of f is not a positive integer or infinite, where ρ 2 (f ) = lim sup r−→∞ log log T (r, f ) log r .
If f and f ′ share a finite value a CM, then
f −a = c, where c is a non-zero constant.
In recent years, many results have been published concerning the above conjecture, (see, [2, 3, 4, 5, 6, 8, 10, 11, 16, 17, 18] ). Next we recall the following definitions: Definition 1.1. ( [15] ) Let p be a positive integer and a ∈ C ∪ {∞}.
(i) N (r, a; f |≥ p) (resp. N (r, a; f |≥ p)) denotes the counting function (resp. reduced counting function) of those a-points of f whose multiplicities are not less than p.
(ii) N (r, a; f |≤ p) (resp. N (r, a; f |≤ p)) denotes the counting function (resp. reduced counting function) of those a-points of f whose multiplicities are not greater than p.
Definition 1.2. ([23])
For a ∈ C ∪ {∞} and a positive integer p, we define N p (r, a; f ) = N (r, a; f ) + N (r, a; f |≥ 2) + . . . + N (r, a; f |≥ p). E (r, a; f ), we denote the counting function of those a-points of f and g where p = q = 1 and iii) by N (2 E (r, a; f ), we denote the counting function of those a-points of f and g where p = q ≥ 2, each point in these counting functions is counted only once.
Similarly, we can define N L (r, a; g), N
1)
E (r, a; g), N (2 E (r, a; g). Definition 1.6. ( [14] ) Let k be a non-negative integer or infinity and a ∈ C ∪ {∞}. By E k (a; f ), we mean the set of all a-points of f , where an a-point of multiplicity m is counted m times if m ≤ k and k + 1 times if m > k.
If E k (a; f ) = E k (a; g), then we say that f and g share the value a with weight k.
Thus we note that f and g share a value a− IM (resp. CM) if and only if f and g share (a, 0) (resp. (a, ∞)).
With the notion of weighted sharing of values Lahiri-Sarkar ( [15] ) improved the result of Zhang ([22] ). In ( [23] ), Zhang further extended the result of Lahiri-Sarkar ( [15] ) and replaced the concept of value sharing by small function sharing.
In 2008, Zhang and Lü( [24] ) further considered the uniqueness of the n−th power of a meromorphic function sharing a small function with its k− th derivative and proved the following theorem:
, n(≥ 1) be integers and f be a non-constant meromorphic function. Also, let a(z)( ≡ 0, ∞) be a small function with respect to f . Suppose f n − a and f (k) − a share (0, l). If l = ∞ and
or, l = 0 and
In the same paper, Zhang and Lü ( [24] ) posed the following question:
In 2010, Chen and Zhang ([11] ) gave a answer to the above question, but unfortunately there were some gaps in the proof of the theorems in ( [11] ). To rectify the gaps in ( [11] ) as well as to answer the question of Zhang and Lü ( [24] ), in 2010, Banerjee and Majumder ( [8] ) proved two theorems, one of which further improved Theorem C whereas the other answers the Question 1.1.
, n(≥ 1) be integers and f be a non-constant meromorphic function. Also let a(z)( ≡ 0, ∞) be a small function with respect to f . Suppose f n − a and f (k) − a share (0, l). If l ≥ 2 and
or, l = 1 and
, m(≥ 2) be integers and f be a non-constant meromorphic function. Also, let a(z)( ≡ 0, ∞) be a small function with respect to f . Suppose f n − a and [f (k) ] m − a share (0, l). If l = 2 and
It can be easily proved that Theorem D is a better result than Theorem E for m = 1 case. Also, it is observed that in Theorem E, the conditions (1.6)-(1.8) are independent of m. 
In view of Lemma 3.1, stated latter on, we see that Theorem F is better than Theorem D for n = 1 case. Now, we recall the following definition. Definition 1.7. ( [13] ) Let n 0j , n 1j , . . . , n kj be non-negative integers. The expression
is called a differential polynomial generated by f of degree
The numbers d(P ) = min{d(M j ) : 1 ≤ j ≤ t} and k (the highest order of the derivative of f in P [f ]) are called respectively the lower degree and order of P [f ].
The differential polynomial P [f ] is said to be homogeneous if d(P )=d(P ), otherwise
Also, we define Q := max 
Clearly, this is a supplementary result corresponding to Theorem D because by putting P [f ] = f (k) in Theorem G one can't obtain Theorem D, rather in this case a set of stronger conditions are obtained as a particular case of Theorem F. So the following question is natural: 
or l = 1 and
or l = 0 and
In the same paper the following question was asked:
Is it possible to extend Theorem H up to differential polynomial instead of differential monomial?
To seek the possible answer of Question 1.3 is the motivation of this paper.
Main result
Theorem 2.1. Let k(≥ 1), n(≥ 1) be integers and f be a non-constant meromorphic function. Let P [f ] be a homogeneous differential polynomial of degree d(P ) and weight Γ P such that Γ P > (k + 1)d(P ) − 2, where k is the highest derivative in P [f ]. Also, let a(z)( ≡ 0, ∞) be a small function with respect to f . Suppose f n − a and P [f ] − a share (0, l). If l ≥ 2 and
Thus our Theorem extends, generalizes Theorem H.
From the above discussion, the following question is obvious: Question 2.1. Is it possible to extend Theorem 2.1 up to an arbitrary differential polynomial?
Lemmas
In this section, we present some lemmas which will be needed in this sequel. Let F , G be two non-constant meromorphic functions and H be another meromorphic function which is defined as follows: a . If F and G share (1, ∞), then one of the following cases hold:
where T (r) = max{T (r, F ), T (r, G)} and S(r) = o(T (r)), r ∈ I, I is a set of infinite linear measure of r ∈ (0, ∞).
Proof. Let z 0 be a pole of f which is not a pole or zero of a(z). Then z 0 is a pole of F and G simultaneously. Thus F and G share those pole of f which is not zero or pole of a(z). Clearly
Rest of the proof can be carried out in the line of proof of Lemma 2.13 of ( [1] ). So we omit the details.
Lemma 3.6. Let p, n be two positive integers. Then for ε > 0
Proof. we see that
Rest part of the proof is obvious. 
be a differential polynomial generated by a nonconstant meromorphic function f . Then
Lemma 3.11. Let f be a non-constant meromorphic function and a(z) be a small function in f . Let us define F =
Proof. On contrary, assume that
Now applying Lemmas 3.9, 3.10 and the first fundamental theorem, we get
which is a contradiction.
Proof. From Lemma 3.9, it is clear that
Now using Lemmas 3.7, 3.9 and inequality (3.2), we have
Hence the proof is completed.
Lemma 3.13. Let j and p be two positive integers satisfying j ≥ p + 1. Let P [f ] be a differential polynomial with Γ P > (k + 1)d(P ) − (p + 1). Then
Proof. Let z 0 be a zero of f of order t. If t d(P ) < j + Γ P − d(P ), then the proof is obvious. So we assume that t d(P ) ≥ j + Γ P − d(P ). Now we consider two cases:
Case-I Let us assume that t ≥ k + 1. Then z 0 is a zero of P [f ] of order atleast
So the proof is clear.
Case-II Next we us assume that t ≤ k. Then
which is a contradiction as
Lemma 3.14. Let j and p be two positive integer satisfying j ≥ p + 1.
Proof. From Lemmas 3.12, 3.13, we have
This completes the proof.
Proof of the theorem
Proof. Suppose that
. Since f n and P [f ] share (a, l), it follows that F and G share (1, l) except the zeros and poles of a(z). Now we consider the following two cases. Case 1. First we assume that H ≡ 0. Subcase-1.1. If l ≥ 1, then using the second fundamental theorem and Lemmas 3.4 and 3.2, we get
Subcase-1.1.1. If l ≥ 2, then using the inequality (4.1), we get
i.e., for any ε > 0, in view of Lemma 3.14, the above inequality becomes n T (r, f )
i.e.,
which contradicts to the condition (2.1) of Theorem 2.1. Subcase-1.1.2. If l = 1, then using the inequality (4.1) and Lemma 3.3, we get
i.e., where ε > 0 is any small quantity. Hence using Lemma 3.5 and Lemma 3.11, we can conclude that F ≡ G, i.e.,
